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In this Supplemental Material we provide the proofs of all propositions in the paper. The
numbers for equations correspond to those in the main paper, unless they are specific to the
Supplemental Material, in which case the numbers are prefixed by an “S”.

Before presenting the proofs, we introduce a lemma that will be useful in our analysis.

Lemma S.1 Let X € R" be a normally distributed random vector with mean (vector) u and
positive definite covariance matriz >, A € R™™ is a symmetric matriz and ¢ € R™ is a vector.
If I,, — 2 A is positive definite (where I, is the identity matriz), then E [exp (XTAX + qTX)}
1s well defined and given by

E [exp (XTAX +¢' X)]
1 1
= |I, — 22 A| "2 exp (un +u" Ap+ Sla+ 2Ap) " (I, — 28 A) 1% (q + QAH)) .
Lemma S.1 provides a formula for the expected value of the exponential function of a

quadratic form in a normally distributed random vector. The proof of this lemma can be found

in the Appendix of Marin and Rahi (1999) (Lemma A.1) or on page 382 of Vives (2008).
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Proof of Proposition 1.

Here we adopt the proof arguments presented in Proposition 1 in Garcia and Strobl (2011).
Let z = fol x;di =: £, + B0 — k\p denote the average strategy of all investors in the economy;,
where &) := Xy + (1 = A&z, kx = Mg + (1 — M)k and By := ABy + (1 — \) B

Let us denote Vj as the relative wealth of investor i, which is given by V; = W; — A4 W.

Consequently, we have:
Vi=w(0 — p) = 7Z(0 — p) = 2:(0 — p) — V(& + Br0 — kap) (6 — p).

Upon performing some straightforward calculations, we obtain the following expression:

Vi = (zi +7((kx — B)p — €))(0 — p) — 7B (0 — p)?,

which is a quadratic function of the normal random variable 6 — p.

Let us introduce some notation to simplify the expressions. We define p; = E[0 — ply;, pl,

¥ = Var[ — ply;, p] = Var[fy;, pl, A = pyBx and ¢ = —p(z; +v((kr — Br)p — &x)). With these

definitions, we can rewrite the equations as follows:

qT,Ui + MiTA/h’ = —p(xi +7((kx — Ba)p — &) — VB s =: —p(@ipts + 1),

q+2Ap; = —p(w; +v((kx — Br)p — &x)) + 207 Baps =2 —pLi(wy),

where

i =v((kx — Ba)p — Ex — Bapei) i (S2)
Li(xi) =z +7((kx — Ba)p — & — 26a14). (S3)

With the above identification of A and ¢, using Lemma S.1,

]E[—e_pw

1
yi,p] = =V, ? exp (—,0 <Ti + T — %Fi (2:)° Zz)) : (54)
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Since ¥; and Y, are independent of z;, maximizing (S4) with respect to z; is equivalent to

maximizing the expression w;u; — 52-T;(z;)?Y;. To find the optimal value of x;, we can take the

P
2V,

first-order condition, which gives:

P T A
Therefore,
P M e — B — Bl = Plyip] (e —

Furthermore, since y; = 0 + ¢; and p = a + bf — sZ, where s # 0 (which will be justified later),
0,{€i}icioa) and Z are independent of each other, using projection theorem for normal random

variables one can verify that

b 2

To + Ty + (—) T,, 1 € H,

_ s

Var[f|y;, p] * = N2 (S7)

To + 71 + (—) T, 1 € L,

s

and ,
i — + Z2(p— E
o + i (Yi — o) s b(P2 (p))’ icH,
To + TH + (;) Tx

E[0|y’bap] = brs

7L (yi — o) + F(p — E(p)) .
Mo + 2 ,1€ L
To + Tr, + (;) T,
Therefore,
fio — P T bt :
e+ (g — ) + — @ —E(p)) + 76 —v(ka — B)p, i € H,
«_ ) pVarlflyi,pl  p ps
vt (59)
to — D TL b,

+ ?(yi — ptg) + —(p —E(p)) + 76 — v(kr — Ba)p, i € L.

pVar[fy;, p] ps’

Matching coefficients in (S8) and the conjectured trading strategies leads to the following
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expressions:

-
51{ - _H7
p
-
BL - _Lv
P
To + TH + (S)QTZ br,
Ky = — — +7(kx = Br),
p ps
To + T, + (S)QTZ br,
KL = — — +7(ka = By),
p ps
To + (%)QTZ bt
§p=&n = —""—p — —E(p) + &
p ps

Furthermore, the market clearing condition can be alternatively written as

1
/ vidi = (1= A)(& + B0 — £1p) + N&u + Bub — kup) = Z = %(CPH?@ - D).
0

Matching coefficients leads to the following equations:

=6y =M+ (1 —X)pr,

=Ky = Mg + (1 — Nk,

w|Quw|—®n |

=& =X + (1 - A&

(S14)
(S15)

(S16)

To show the existence and uniqueness of linear equilibria, it is necessary and sufficient to

show that the system of equations (S9)-(S16) has a unique solution (a, b, s, £x, B, ku, &L, Br, K1)

Firstly, from (S14) and (S15), we know that (S11) and (S12) can be respectively translated to:

To + Ty + BT 7.3

KH = ARNSELL A% ZAHA‘F’YKJA—’VﬁA,
p p
To + 71, + B2, .0

Kr = Lp AZ ) Kx + YEA — VB

As a result,

_ T + B3T, . A+ (=M1 .5

kx = Meg + (1 — Nk K+ v6x — 70,
P P P

S4
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which is equivalent to

T, To + 27'z
(1_%@7) mz%ﬂl—v)ﬁ»

Consequently,

T+ B +p(1—7)Br Ty

G e R iy e

Substitute (S19) into (S17) and (S18) we get

Tt TH BT B o BT

Ry

p p pl=7+B7 p  p(l=7)+AT

_To+TH o BAT: To P

p o p(l=+B7 p p(l—17)+ B

T (1 B AT N Al > LT
P p(1=7)+ 67 p(l —7)+ BT p
_ To TH

+ —,
p(L=7)+ B p

and

To TI,
KR = + —

p(l =)+ 6. p-

Substitute (S14)-(S16) into (S13) we have

2
& =%8%u = To 3T Lo — ﬂApTZ (Ex + Bapo) + vér

To o
p(l - 7) + ﬁ)\Tz

From (S14)-(S16) we know that

. & Tolbg
Ka o To+ Bap(l =) + B3
b g i
D\ 7o+ Bap(l —7) + BT
1 pl=1)+ b

S =

kx o+ Bap(l— ) + Bir’
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where s # 0 under the condition v # 1 + B*% in the proposition.
Finally, according to (S1), we see that the second-order condition W; = 1 — 2py8,%; > 0

is the same as the required condition when using Lemma S.1 and it holds under the condition

To+TL+BT:

v < 2pBa

in the proposition. This completes the proof. ([

Proof of Proposition 2.

2
% for simplicity. Utilizing Proposition 1, we can express

the average wealth gap between L and H as follows:

In the proof, we denote o =

E(Wy — Wy) = El(zy — 2)(0 — p)] = 2 ; LE[(6 — p)?]. (S20)

Since 6 — p follows a normal distribution, with mean

9+ Bap(1 — ) + B37,

and variance

7o+ (p(1 —7) + Bars) 7t

Var(f —p) = (70 + Bap(L =) + Bim.)? (522)
we have
E[(0 — p)*] = Var(d — p) + (E(0 — p))?
= Var(f — p). (523)
Therefore,
OE[(0 —p)*] _ OVar(6 —p) _ [mo+ Bap(l —7) + BT [=2p*(1 — 1) 77" — 2By
Iy v (1o + Bap(l =) + B57.)°
20870 + (p(1 — ) + Brr.)” 7.°1]
(7o + Bap(1 — ) + B3m.)?
_ 2p2(1 - 7)7—97—,2_1 (S24>

(7o + Bap(1 =) + B37=)*
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which implies that the average wealth gap between L and H is decreasing in v € (0, «) if a« < 1,
and firstly decreasing in v € (0,1) and eventually increasing in (1, «) if @« > 1. Note that by

the relation
To + Tp + ﬁ;Tz S To + pﬁ)\ + BiTz <1+ To + 5§Tz
2pP 2pP 65

TotTL BT
2pBx

completes the proof of the monotonicity of the average wealth gap in Parts (i) and (ii).

we know that under the condition v < , the denominator in (S24) is positive. This

We now show the monotonicity of investors’ welfare. Substitute (S5) and (S6) into (S4) and
note (S1)-(S3), we have

i+ @ity — Lri<xi)2zi

20,
T P2 (1 2

= - - i) i - - - T ——2 i

Y((Bx = Ba)p — Ex — Bapta) i + pSh + (€ — (ka — B)p)p 20, (pEi vﬁw)
Bl R S VL A e VL

A pXi  2W;pd; v, v,
_ 0O = 2R BRE | = 2000 B} i 2P 20E0° Bl
v, W, p% 2V, 0% v, v,
_ b 20808
v, U;pd; 2W;p%;

L PR
2,3 W,
_ M

Therefore, investor ¢’s maximum utility conditional on her signal y; and price p can be written

as

_1 Iu2
Elu (Vi) [y p) = —W; 2 exp [ — 2 ),
[u (V3) |yi, p] ; eXp( 22)

where Y71 = 75 + 7; + 827, and ; = E[§ — ply;, p] is a normally distributed random variable.

Since p; follows a normal distribution and A = —% < 0, which implies 1 — 2Var(u;)A is

positive, we can calculate that

N

— ) (1 & Yorlu ")) exp <_ [Eé’é’;)]g (1 - zzaif(ai()u)»
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N|=

S (%M) )

ox (_ (10 — E<p>>2>
¥ 2Var(0 — p)

_ (%Varw _ p)) o (525)

N

where the second equality uses Lemma S.1, the third one uses the law of total variance:
Var(X) = Var(E[X|F]) + E(Var[X|F]), and the last one follows from (S21). According to
(S25), we next analyze the impact of v on g—z_’\/ar(ﬁ — p) instead of E[u(V;)] since they are
monotonically equivalent.

Based on equations (S7) and (S14), we observe that ¥;' = Var[f|y;, p| ™! = 79 + 7 + 537,
where 7; = 7 for ¢ € H and 7; = 71, for j € L. This implies that >, ! does not depend on
7. Consequently, we have U, /%, = 71 — 2py8\ = 79 + 73 + 827, — 2pyBx. It is evident that
U, /%, is a strictly decreasing function of . Considering equation (524), we can conclude that
Var( — p) and, consequently, g—ZVar(G — p) strictly decrease as 7 varies within the interval
(0, ), under the condition o < 1.

We proceed to analyze the case when o > 1. Following the previous analysis, we can
similarly demonstrate that g—z_’\/ar(e — p) is strictly decreasing in v € (0,1). Recalling (522), we

have

v, el 79+ (p(1 =) + Aar)*r !
Ei Var(9 p) - (Zz QP’YﬁA) (7_9 + 6)\/)(1 . ,Y) 4 5,2\7-,2)2 '

Therefore,

O(W;Var(§ —p)/¥;)  —2pBxa(1e + (p(1 =) + Ba72)*7 ) (10 + Bap(l — ) + B372)
Oy a (70 + Brp(1 =) + B37.)?
(Z" = 2098) 208y + 20°(1 = N7 ) (70 + Bap(1 = ) + B572)
(70 + Bap(l =) + B3r.)?
2007(3;" — 2078\ (10 + (p(1 — ) + Barz)?77Y)
(1o + Bap(1 =) + B572)°

+

(526)

The denominator of the three terms at the right-hand side of (S26) is positive and the sum

of the three numerators, denoted as h;(y), is a cubic function of ~:

hi(y) = 20" B37"9° = 6(p" 837t + p° B3 + PP Bamors )7
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+2[3p" B3t + 60”83 4+ 4p° Bators 4 37 Bi(To + BATs) + pPTeTs 'S 1y

— (20" B+ 6p° B3 + 20° Barors ! + 697 B3 (70 + BAT) + 20777 N7 + 2pBa (70 + BRT)7).
It is clear that h;(0) < 0, hL(0) > 0. Some simple calculations lead to

W () o< p* B3ty — p* BTt = PP BY — PP BameT

9 + 327, _ _ _ _
g <1 o oy > o pU T+ PN (e + BR) — BRI — 0P8 — PP BaTer = 0.
A

Tg—i—TL-i-Bf\Tz <1+ Tg—l—ﬁf\’rz
2pBx - PBA

that h(v) < 0 for v € (0, ). Therefore, the function h,(+) is strictly concave over the interval

Based on the previous two relations and the inequality o = , it follows

(0, av), implying three possibilities for the monotonicity of investor welfare:
(i) investor welfare strictly decreases in v € (0, ). This occurs when maxo<,<q hi(7) < 0.

(ii) there exist 1 < 77 < «a such that the welfare of investors first strictly decreases on
(0,7f), then strictly increases on (y/,«). This case happens when maxg<<q hi(y) > 0

and h;(a) > 0.

iii) there exist 1 < v < %; < « such that the welfare of investors first strictly decreases
(iii) V<A y
on (0,77), then strictly increases on (v, 4;), and eventually strictly decreases on (%;, a).

This case happens when maxg<,<q hi(7y) > 0 and h;(a) < 0.

In the second and third cases, the fact that 77 > 1 is due to the observation that %Var(@ —p)
is strictly decreasing in v € (0, 1). Furthermore, it is evident that +; can only take two values
depending on whether i € H or i € L.

Finally, at the end of the proof, we assert that the second case is impossible for the low-

2
precision investor ¢ € L. This is because at the endpoint v = a = %, it holds that

v
EV&Y(Q —p) = (19 + 75 + 857 — 2p7Bx) Var(d — p) =0

for ¢+ € L. This completes the proof. [J
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Proof of Proposition 3.

We now demonstrate that the solution 55* does not correspond to a stable equilibrium. Let

d > 0 be small enough. According to (6) and (7), for 8,_ := B5* — 0, we have

T8 — 2078 — C >0,
<~ 19+ T+ 5?,7} —2070_ < e2pler—c2) (7'9 + 717 + ﬁf,Tz — 2p’yﬁ,\,) ,

PBA——TL

P investor j € L can generate more profit

which implies that under the fraction A =
than investor ¢« € H. Thus, the willingness of investors in this market to buy high-precision
signals decreases, leading to a greater deviation from equilibrium.

Similarly, let 8y+ = 8Y* + 0, then

702, — 2078 — C <0,

= To+TH + BraTe — 2078 > €T (1o + 1+ BT — 2078y )

PBAL—TL
H—TL

which shows that under the fraction A = , each investor ¢ € H can generate more profit

than investor 5 € L. Thus, the willingness of investors in this market to buy high-precision

k%

signals increases, which will also lead to a greater deviation from equilibrium. In conclusion, /5

would never lead to a stable equilibrium. Similarly, we can demonstrate that the fraction ’fH;%:LL

is stable using the above arguments. Moreover, it is an interior equilibrium when /5 € (%, %H) .

Furthermore, when 5 > 71,/p > 0, by the definitions of 5} and 5, we have

T9+TL+(ﬁ;)2Tz—2pﬂ;’y:T@+TL+C

To + T — €2P1=2) (1 4 7))

=Ty + 71+ €2p(c1*02) 1

TH —TL
o e2p(ei—e2) — 1

> 0.

To+7L+(85)%72

Thus, the condition v < VR
A

required for the equilibrium existence in Proposition 1
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naturally holds under the condition of 5§ > 71,/p > 0. Moreover, the condition

YA L+ Bmp " =14+ + 2 +p 20

in Proposition 1 also naturally holds in the case of endogenous information. This completes

the proof. ([l

Proof of Proposition 4.

Under the conditions specified in Proposition 3, the value 3} can exclusively result in a stable
interior equilibrium. For the sake of simplicity, we will use the notation 3, instead of S5

throughout the proof. Thus,

By = L (per \ P?y: + CTz) ; (S27)

and

2
9 _» P . (S28)

Recall the expression in (525) that

N

Bfu(v9)] = - (Va0 - )

We know that W;/%; = X — 2pyf, where 57" = 7y + 7y + 37, for i € [0,\] and 57" =
19 + 71, + BiT, for i € (A, 1]. Thus

o(V,;/%;) 00 00
T_Q@ZE_Q ’Ya — 2pB
0
- 28—7\/ P22+ C. — 2pP)
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where the second equality follows from (S27) and the last one from (527) and (S28). Therefore,

OE[u(V;)] o~ OVar(0 — p)'

vy oy
y (S22) and (S28), we have
OVar(0 —p)  2p(1 —)7p7;!
Oy (70 + Bap(1 =) + BiT.)?

290 [y + BT + pP (1 — )P 4+ 3p*(1 = 7)2Br + 3p(1 — 7) B3] -
- (o - opl =) + Foro)? - 5%9)

Since the denominator of the two terms in (S29) is positive, to show the conclusion it suffices

to show that

L= )+ 2 B+ B 4 P =) (= )% + 39l — 1)) > 0

Substitute the expressions of £y and % in (S27) and (528) into the left-hand side of the above

relation, we have

00
P*(1 — )77, ' + a—i[ﬁﬂﬂe + 8372 + p* (1 — 7)1 4+ 3p*(1 — 7)2By + 3p(1 — 7) B3]
=p*(L = )77. "

2
I PPy

T A/ P22+ 672

2
x (1 =)+ | p+ ——— — (pv+\/0272+07z) T
\/ p*y? +Cr,

(8372 + p*(1 = 9’71 +3p*(1 — 7)*Bx + 3p(1 — 7) 537

[Bamamo + B2 + p* (1 — v)°m " + 3p°(1 — 7)?Bx + 3p(1 — 7) B3]

Py
v p?? + Cr,

2 — 3.2
x g+ | p+ e | V292 + Oy + —— 1y
Vo + O V2?4 O

2
P (8372 + p*(1 = 9)°7 1 + 3p*(1 — 7)*Bx + 3p(1 — 7) 537

VP2 + O

+ o+

+lp+
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Therefore, it further suffices to show that 8372+ p*(1—~)* 7,1 +3p*(1—7)?Br+3p(1—7) B3, > 0.

In fact,

B2+ 2 (L=’ 4 3p°(1 =) By + 3p(1 — ) Bim. = 77 (Bare + p(1 — 7))’
3
=7 (m +/ 0+ Cr + p(1 — 7))
— 3
=7 (P+ p*y? + Crz>

>0,

where the second equality follows from (S27). This completes the proof. O
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